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Summary
Primate brains are equipped with evolutionarily old and dedicated neural circuits so that they can grasp absolute quantities, such as the number of items or the length of a line [1–
8]. Absolute magnitude, however, is often not informative
enough to guide decisions in conflicting social and foraging
situations [9, 10] that require an assessment of quantity ratios. We report that rhesus monkeys can discriminate proportions (1:4, 2:4, 3:4, and 4:4) specified by bars differing
in lengths and that they can do so at a precision comparable
to that shown by humans; the monkeys thus demonstrate an
abstract understanding of proportionality. Moreover, neurons in the lateral prefrontal cortex selectively responded
to preferred proportions regardless of the exact physical appearance of the stimuli. These results support the hypothesis that nonhuman primates can judge proportions and utilize the underlying information in behaviorally relevant
situations.
Results
Several behavioral studies have shown that humans and animals share an intrinsic understanding of numerical information. Innumerate adults [2, 6], human infants [11, 12], and
animals [1, 4, 13, 14] can assess quantitative information without number symbols. Monkeys, for example, are able to judge
absolute discrete quantities (such as numerosity) [1, 5, 13, 15,
16] as well as absolute continuous magnitude (e.g., length) [8].
This understanding of absolute quantity in human [17–19] and
nonhuman primates [4, 5, 16, 20] is processed in fronto-parietal cortical networks. Neurons in the prefrontal and posterior
parietal cortices are selectively tuned to abstract quantity,
and the cellular response characteristics can explain basic
psychophysical phenomena in dealing with them [8, 21, 22]. Although neurons in the fundus of the intraparietal sulcus convey
numerosity earlier, PFC neurons operate on a higher level and
integrate different sources of information to gain cognitive
control [23, 24]. For instance, only PFC neurons establish
long-term numerical associations and relate visual signs with
numerical values [25]. This suggests that PFC neurons may
primarily become engaged in situations in which not only absolute quantity but also relations between quantities have to
be represented. So far, however, it remains unknown whether
nonhuman primates understand proportions and, if so, where
and how in the brain proportions might be represented.
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Evidence from field studies has suggested that animals
could use proportional reasoning to guide behavior [9]. For instance, mallards distribute themselves between resource
patches in the ratio of the patch profitabilities in foraging
situations [10]. Experiments in a controlled laboratory environment, however, were less successful at demonstrating an understanding of proportionality. When chimpanzees were
tested on discriminating proportions in a match-to-sample
protocol, they failed at this task, except for an ape that had received intensive language-like training [26]. Thus, it was concluded that prior practice with symbol-like labels might be
a prerequisite to understanding abstract relations.
Behavior
To scrutinize the potential capability of nonhuman primates to
grasp proportionality, we designed a proportion-discrimination task with controlled-quantity ratio stimuli and investigated
the behavioral and neuronal representations of abstract relations between two quantities in rhesus macaques. We trained
two rhesus monkeys to judge the length ratio (proportion) between two lines, a reference and a test line. They had to briefly
memorize a sample proportion over a delay period and match
it to the same length proportion shown in a subsequent display
(Figure 1A). The length ratios between the test and reference
lines were 1:4, 2:4, 3:4, and 4:4.
To determine whether the monkeys solved the task by judging proportionality rather than attending to the absolute length
of either the reference or test line, we randomly varied the
length of both lines (Figure 1B, upper panel, see Experimental
Procedures). In addition, we used control stimuli that showed
the same four proportions and in which, first, the reference line
was constant while the test line changed in length (Figure 1B,
middle panel) and, second, the test line length was constant
but the length of the reference line varied (Figure 1B, lower
panel). In any given session, the monkeys were confronted
with all three (one standard and two control) proportion displays presented in a randomized order.
Monkeys made more errors when the proportions were adjacent and performed progressively better as the distance in
proportion between two displays increased (distance effect),
resulting in performance distributions that could be described
with Gauss functions (Figure 2A). The average performance of
both monkeys was 85.56% correct (monkey M, 86.69%; monkey H, 84.65%) and, thus, was significantly better than chance
for all tested proportions and protocols (binomial test, p <
0.001) (Figure 2B). The monkeys readily generalized what
they had learned and applied it to the control displays with
similar performance (Figure 2B). This shows that the monkeys
were indeed judging proportions.
To investigate whether the monkeys could apply what they
had learned to novel stimuli, we occasionally introduced transfer tests (probability = 0.12, or two transfers in blocks of 17 trials) requiring the monkey to discriminate proportions 3:8 and
5:8, which it had never seen before. Because the animals
were randomly rewarded for their responses in transfer tests,
any learning of the ‘‘correct’’ response was impossible. Both
monkeys reliably discriminated the novel proportions 3:8 and
5:8 (binomial test, p < 0.001) (Figure 2C). We fitted Gauss
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humans should show a similar behavior when simply estimating proportions. Therefore, we tested 18 human subjects with
an identical protocol and explicitly avoided a verbalization of
the proportions as number fractions. Supporting our hypothesis, the humans’ nonverbal behavioral performance was only
mildly better than the monkeys’ performance (Figure 2E). On
average, humans made 7% fewer errors when comparing
sample proportions to nonmatch proportions (paired t test,
p < 0.05), thus showing steeper flanks of the performance
curves (Figures 2A and 2D). Humans also showed a distance
effect (Figure 2D) with discriminating precision resembling
that of monkeys (Figure 2E). The s values as a measure of discrimination precision were comparable for both humans and
monkeys (Figure 2F). The higher accuracy at both end points
of the tested proportions (Figures 2B and 2E) might be attributed to a ‘‘guessing end effect’’ [27], which has also been
observed for numerosity discriminations [16].

Figure 1. Task Protocol and Stimuli
(A) Delayed match-to-proportion task. To start a trial, the monkey had to
grasp a lever and maintain fixation. If the sample and test display showed
the same proportion, i.e., the same length ratio between a reference and
test line, the monkey had to release the lever. The monkey had to continue
holding the lever until the second test appeared (which was always a match)
if the sample and test display showed different proportions (probability of
match/nonmatch condition = 0.5).
(B) Stimulus examples for the standard protocol (upper panel) and the two
control protocols (middle and bottom panels) showing the quantity ratios
between the reference (upper line in each display) and the test line (lower
line). The proportions were 1:4, 2:4, 3:4, and 4:4. The horizontal position of
the reference line was constant, whereas the horizontal position of the
test line varied across displays and trials. The edge of the test line could laterally exceed the reference line by up to 0.1 of visual angle so that symmetry was avoided. Moreover, the absolute line length of the reference line
(and, consequently, that of the test line) varied considerably in the standard
protocol (see Experimental Procedures). In ‘‘Control 1’’ stimuli, the length of
the reference line was constant while the test line varied in length. Finally,
the length of the test line was held constant, allowing the length of the reference line to change in the ‘‘Control 2’’ stimuli. We presented the different
proportions in a pseudo-randomized fashion.

functions to the performance distributions and derived the
standard deviation, sigma (s), to quantify the discrimination
precision. The s values and thus the precisions for both the
trained baseline proportions (1:4, 2:4, 3:4, and 4:4) and the
transfer proportions (3:8 and 5:8) were comparable
(Figure 2F), suggesting that the macaques had a conceptual
understanding of length proportions.
In many domains of numerical competence, humans vastly
outperform animals by using number symbols to precisely represent absolute or relational quantity. However, if the monkeys’ discrimination of proportions constitutes a nonverbal
(nonsymbolic) precursor of processing relational quantity,

Single-Cell Responses in PFC
After having established that monkeys can discriminate spatial
proportions, we investigated this capacity’s neuronal underpinning and recorded from 526 randomly selected neurons
of the prefrontal cortex (PFC) (Figures 3A and 3B) from both
monkeys while they performed the proportion-discrimination
task (Figure 1A). During sample presentation, many of the
tested neurons (131/526, or 25 %) were significantly tuned
only to proportion, irrespective of the absolute lengths of the
test and reference bars (two-way ANOVA, with factors [sample
proportion] 3 [stimulus protocol] p < 0.01; only main effect of
proportion, no other significant effects or interactions). Each of
the selective neurons preferred one of the four tested proportions. Neurons preferring 1:4 were most frequent (Figure 3C),
possibly because 1:4 constitutes the fundamental proportion
from which all higher proportions could be derived. A further
16 % (83/526) of the total set of recorded neurons were tuned
to proportions during the sample period but additionally
showed a significant protocol and/or interaction effect; those
neurons were not regarded as pure proportion-selective cells
and were excluded from further analysis.
In the delay during which the monkeys had to remember the
length ratios, a similar fraction of only proportion-selective
neurons (126/526, or 24 %) was found (only main effect of proportion, no other significant effects or interactions). Again,
neurons preferring 1:4 were most frequent (Figure 3C). Nine
percent of the total sample neurons (47/526) were tuned to
proportions but additionally showed a significant protocol
and/or interaction effect and, thus, were excluded. This indicates that most of the PFC neurons that showed a main effect
in response to proportions generalized across changes in the
exact appearance of the displays. Overall, we found 38 neurons that were proportion selective during both sample presentation and delay phase; typically, neural preference was
similar for both epochs (Pearson’s correlation coefficient, r =
0.54, p < 0.001). Proportion preferences of these 38 neurons
(39% with preferred proportion 1:4; 16% with 2:4; 24% with
3:4; and 21% with 4:4) were almost identical to the overall frequency distribution of proportionality selective neurons (see
Figure 3C).
Figures 3D–3G show the neuronal activity of four example
neurons tuned to proportions in the sample (Figures 3D and
3E) and delay (Figures 3F and 3G) periods. The tuning function
of the neuron in Figure 3D showed peak activity for the smallest proportion, 1:4, which was its preferred proportion, and
a systematic drop-off of activity as the proportions in the
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Figure 2. Behavioral Performance
(A) Behavioral performance averaged during the recording sessions and
fitted with Gaussians (dotted gray lines). The functions indicate the percentage of trials in which a monkey judged displays in the test period as
containing the same proportion as the sample display. The peak of each
colored function indicates the correct performance in the match trials for
the four sample proportions. The data points to the left and the right of
the peak indicate the probability that the monkeys judged smaller or
larger proportions as equal to the sample proportion. Each nonmatch
data point (i.e., data points at the flanks of the peak functions) consists
of a minimum of 955 and a maximum of 1386 trials.
(B) Average performance of both monkeys in the standard and control
protocols. Chance = 50%.
(C) Monkeys’ performance in transfer trials with novel proportions 3:8
and 5:8. Each nonmatch data point of transfer tests is based on at least
84 trials (maximum 94).
(D) Humans’ proportion discrimination performance (minimum nonmatch trials, 72; maximum nonmatch trials, 84).
(E) Average performance of 18 humans and the two monkeys.
(F) Half-bandwidth (s) of the Gaussian functions fitted to the behavioral
performance curves for monkeys and humans.

error trials. When the monkeys made judgment errors, neuronal activity for the preferred proportion was significantly
reduced, to 85% and 88% of that observed on correct trials
(100 %) for the sample and delay periods, respectively (Wilcoxon signed-rank test, two-tailed, p < 0.01) (Figures 4C
and 4D). The population tuning function, generated by normalizing the activity of each proportion-selective neuron
and plotting its activity as a function of distance from its
preferred proportion, was degraded on error trials.
Discussion

sample period varied from the preferred value. This was true
even if the visual appearance of the sample display changed
substantially across standard and control protocols (see tuning functions in Figure 3D, bottom panel), indicating an abstract representation of the length ratio between the bars. A
neuron with preferred sample proportion 2:4 is plotted in
Figure 3E. Figures 3F and 3G illustrate two neurons tuned during the memory delay to preferred proportions 3:4 and 1:4.
Behavioral Relevance of Cellular Responses
To evaluate the proportion selectivity for the population of
neurons, we averaged the normalized tuning curves for all neurons that preferred a given proportion. Neural activity formed
overlapping tuning functions with progressively decaying activity as the distance from the preferred proportion increased
(Figures 4A and 4B). The standard deviations (s) of the Gauss
fits were used as a measure of precision (Figures 4A and 4B,
bottom panel). The standard deviations of both the performance functions and the neuronal tuning functions were almost constant across the tested proportions, suggesting
that the neuronal tuning functions were the basis for behavioral discrimination. The overlapping neural tuning functions
can explain the distance effect found in the behavioral tests
because the ability of two proportions to be discriminated increases as the overlap between the tuning functions of neurons preferring the respective proportions decreases.
More direct evidence that the activity of proportion-selective
neurons contributed to behavior came from an examination of

We investigated the behavioral and neuronal representations of proportions in rhesus monkeys trained to judge
length ratios. We found that monkeys grasped the concept
of proportionality, and their discrimination performance was
comparable to the nonsymbolic capability of humans. Neurons in the monkeys’ PFC encoded abstract proportions irrespective of varying sensory features of the stimulus, and the
cells’ activity was directly related to the monkeys’ performance. Even if there is no direct evidence, these data suggest
that the perception of relational quantity is represented by the
same neural network and magnitude code as absolute quantity in the primate brain.
Our experiments in trained monkeys demonstrate that nonhuman primates (and probably other animals) can explicitly exploit ratios to guide behavior. Just as for numerosity or other
absolute quantities, the representation of proportions is approximate and characterized by a distance effect. Interestingly, our human subjects who were prevented from using
symbolic notations of fractions also showed a clear distance
effect, almost identical to the one seen in nonhuman primates.
Thus, humans without symbolic representations of fractions
perform on par with nonhuman primates. The distance effect
suggests a nonverbal capacity to operate with analog magnitude representations that have been demonstrated repeatedly
in animals [1, 5, 8, 13, 21, 22] and innumerate humans [2, 6].
These striking qualitative and quantitative similarities between
the performance of adult humans and that of monkeys indicate
an evolutionarily ancient cognitive system for proportional understanding that is already present in preverbal infants [28]
and little children [29–31]. This system approximates ratios
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Figure 3. Single-Cell Recordings
(A) Location of recording sites in the PFC of the two monkeys. Abbreviations
are as follows: iar, inferior arcuate sulcus; sar, superior arcuate sulcus; ps,
principal sulcus. The percentage of proportion-selective units found at
each recording site is color coded.
(B) Lateral view of a rhesus monkey brain. The circle indicates the location of
the recording chamber.
(C) Frequency-distribution of proportionality-selective neurons.
(D–G) Responses of four example neurons during the fixation, sample, and
delay periods. Neurons were proportion selective during the sample (D and
E) or delay (F and G) period (marked in gray). In the top panel, the neuronal
responses are plotted as dot-raster histograms (each dot represents an action potential, spike trains are sorted and color-coded according to the sample proportion illustrated by example stimuli on the left). Middle panels show
spike density functions (activity to a given proportion averaged over all trials
and smoothed by a 150 ms Gaussian kernel). The first 500 ms represent the
fixation period, which is followed by a 800 ms sample and a 1000 ms delay
phase (separated by vertical dotted lines). Bottom panels depict the tuning
functions of the respective neurons for each of the three stimulus protocols
derived from the periods of maximum proportion selectivity (error bars represent SEM).

before symbolic notations endow us with precise mental representations of fractions and relations.
Our findings in rhesus monkeys are in contrast to previous
claims in apes. Woodruff and Premack [26] taught five chimpanzees (four naive, juvenile animals, and chimpanzee Sarah,
who had received intensive language-like training) to match
proportions made of naturalistic materials. For instance, the
apes had to match one-quarter of an apple to one-quarter of
another apple, as opposed to three-quarters of another apple.
They did the same with liquid in a jar, filled either one-quarter
or three-quarters full, and ultimately combined these two
types of materials (i.e., apples and liquid). It was found that
all four naive chimpanzees failed at this task; only Sarah
passed. Based on these results, the authors argued that language-like training might constitute a prerequisite to understanding abstract relations. Our data in rhesus macaques,
however, demonstrate that quantity ratios, similar to basic
arithmetic [32], can readily be derived in the absence of symbolic labels.
In addition to the behavioral demonstration of an understanding of proportionality, we also present a neuronal correlate for this capacity in the frontal lobe. Previous electrophysiological recordings from nonhuman primates identified
individual neurons sensitive to changes in absolute spatial or
numerical quantity in prefrontal and intra-parietal cortices
[4, 5, 8, 16, 20–23, 33]; these neurons were comparable to
a fronto-parietal network activated in humans processing
quantities [17, 18, 34, 35]. Our results together with a recent
fMRI adaptation study (Jacob and A.N., unpublished data)
now suggest that proportion, a relational and derived quantity
category, is represented in a partly overlapping magnitudecoding network. We found a relatively high percentage of
PFC neurons that discharged as a function of the displayed
lengths ratios. Different populations of neurons coded proportions during sample presentation and maintained this derived
quantitative information during the memory period. Importantly, the responses of selective neurons were unaffected
by the absolute magnitude of the stimulus components and
responded irrespective of length variations of the test and reference lines. The proportion-selective neurons showed maximum discharge in response to one of the four displayed length
ratios (a neuron’s preferred proportion) and a systematic dropoff of activity as the proportion in the sample period varied
from the preferred value, resulting in peaked tuning functions.
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presynaptic brain areas, such as the parietal lobe. Neurons
in lateral intraparietal sulcus (area LIP) have been shown to
add probabilities (i.e., the proportion of times a stimulus delivers a reward), a kind of proportional reasoning in the temporal domain [37]. Future studies will have to elucidate whether
other brain areas also play a major role in representing relations between quantities.
Experimental Procedures

Figure 4. Neuronal Population Tuning Properties
(A and B) Normalized responses averaged for neurons preferring the same
proportion during the sample (A) and delay (B) phases. Bottom panels show
the tuning curves’ standard deviation values (half-bandwidth) across preferred proportions.
(C and D) Normalized tuning functions plotted relative to the preferred
proportion for correct trials (black line) and error trials (gray line) during
the sample (C) and the delay phase (D).
Error bars represent SEM.

This labeled-line coding was analogous to the previously described coding scheme of quantity-selective neurons found
in animals trained to explicitly discriminate numerical and spatial absolute magnitudes [5, 8, 21, 22]. It suggests that abstract
quantity in general may be coded by peak-tuned neurons
whenever magnitudes are stored as distinct magnitude categories.
The neural activity in the PFC correlated well with the behavioral performance of the monkeys. Both the behavioral and
neural discrimination curves showed similar tuning selectivity.
An analysis of trials in which the monkeys made judgment errors further emphasizes the significance of proportion-tuned
neurons for behavioral responses. The spike rates at the neurons’ preferred proportion were significantly reduced whenever the animals made a wrong decision. In other words,
whenever the proportion detectors did not properly encode
the preferred proportion by maximum discharges, the animals
tended to fail. This observation argues for a direct relationship
between the neurons’ peaked proportion selectivity and task
performance.
Our data emphasize the importance of PFC for integrating
different sources of quantity information and for ultimately understanding derived quantities, such as fractions. Because the
PFC is particularly rich in anatomical connections with other
cortical and subcortical areas [24, 36], it is possible that it
receives already highly processed ratio information from

Behavioral Protocol and Stimuli
Two monkeys (Macaca mulatta, weighing 6 and 7.5 kg) were trained to indicate whether a test stimulus showed the same proportion as a previously
presented sample stimulus (Figure 1A). They had to keep their gaze within
1.75 of the fixation point during sample presentation and the memory delay
(gaze was monitored with an infrared eye-tracking system, ISCAN). Lengthratio stimuli consisted of two horizontal lines placed 0.5 of visual angle
above and below the center of a circular gray background (12 of visual angle in diameter) (Figure 1B). In the standard protocol, the length of the reference line changed between 1.5 of visual angle (1.5 cm) (50 Pixel, on a
17 inch monitor with a resolution of 1024 3 768 pixels) and 6 (6 cm)
(200 pixel), and the test line varied in accordance with one of four proportions. So that the appearance of the stimuli was further altered, the horizontal position of the test line within the gray background circle varied randomly.
In one of the control protocols, the length of the reference line was held constant (2.5 of visual angle) while the test line was adjusted to 0.625 (1:4),
1.25 (2:4), 1.875 (3:4), and 2.5 (4:4) of visual angle. In the other control protocol, the length of the test line length was fixed at 1.5 of visual angle while
the length of the reference line changed between 1.5 and 6 of visual angle.
To prevent memorization of patterns in the visual displays, we tested the
monkeys with many different stimuli during each recording session, and
shuffling relevant item features (e.g., position and size) every day ensured
random displays. Sample and test images were never identical. Trials
were randomized and balanced across all relevant features (match versus
nonmatch, standard versus controls). A 1.5 s timeout was inserted whenever
the monkeys made an error. Probe-trial probability in transfer tests was set
to p = 0.118; that is, on average two novel and not reinforced transfer proportions appeared in each block of 17 trials.
Animal Training
Monkeys were first trained to discriminate the lengths of single lines in
a match-to-sample protocol. Next, two proportions (1:4 and 4:4) were introduced. After one month, the animals reliably discriminated 1:4 and 4:4 at
80% correct. The proportions 2:4 and 3:4 were added, and the monkeys
were trained for two more months. Recordings started after the monkeys
reached a constant accuracy level of >80% for all proportions. The behavioral and neurophysiological data presented in the current study were derived from 31 recording sessions in monkey M and 32 recording sessions
in monkey H. Monkey M and monkey H, on average, performed 581 and
594 trials per session, respectively.
Electrophysiological Techniques
Recordings were made from the ventrolateral prefrontal cortex (Figure 2B)
from the two monkeys in accordance with the guidelines for animal experimentation approved by the Regierungspräsidium Tübingen. Arrays of up to
eight tungsten microelectrodes (1 MOhm impedance) were inserted via
a grid with 1 mm spacing. Recording sites were localized with stereotaxic
reconstructions from magnetic resonance images. Neurons were selected
at random; no attempt was made to search for any task-related activity.
Separation of single-unit waveforms was performed offline with mainly principal component analysis (Plexon Systems).
Data Analysis
We fitted the behavioral data with Gaussian functions. For all proportions,
the goodness of fit (r2) of the Gauss distributions was determined (mean
r2 = 0.97), and the standard deviation (s) was derived. All analyses of neuronal responses (except error-trial analyses) were conducted for correct trials
only. Cells from which activity was recorded during at least eight trials of
each proportion and protocol (standard, control 1 and 2) were included in
the analysis. Sample activity was derived from an 800 ms interval that began
once the individual response latency of the cell was taken into account after
stimulus onset. To measure neuronal response latency, we generated average spike-density histograms (at 1 ms resolution and smoothed by a sliding
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window; kernel bin width, 10 ms) for a neuron’s responses to all sample
stimuli. Response latency was defined by the first time bin that reached
a value higher than any value before sample onset. A default latency of
100 ms was used if no measure based on these criteria could be derived.
For the delay period, activity was summed in an 800 ms interval starting
200 ms after delay onset. We analyzed both sample and delay activity in
two windows of 400 ms to account for early and late responses. To determine the selectivity of a neuron, we performed a two-way ANOVA (p <
0.01) for each cell in the sample and delay period with proportion (1:4, 2:4,
3:4, 4:4) and stimulus type (standard, control 1, control 2) as factors. Only
cells showing a significant main effect of proportion (p < 0.01) but no significant main effect of stimulus type (standard, control 1, control 2) or interaction were classified as ‘‘proportion selective,’’ and the proportion eliciting
the largest spike rate was defined as the ‘‘preferred proportion.’’ To derive
averaged proportion tuning functions, we normalized activity rates by setting the maximum activity to the preferred proportion to 100% and the activity to the least preferred ratio to 0%. Qualitatively similar functions were
obtained when the tuning functions were normalized only by the maximum.
Acknowledgments
We thank S. Jacob for critical reading of the manuscript. This work was supported by a junior research group grant (C11/SFB 550) from the German research foundation Deutsche Forschungsgemeinschaft (DFG) and a Career
Development Award from the International Human Frontier Science Program Organization (HFSP) to A.N.
Received: May 7, 2008
Revised: July 23, 2008
Accepted: August 4, 2008
Published online: September 18, 2008
References
1. Beran, M.J. (2007). Rhesus monkeys (Macaca mulatta) enumerate large
and small sequentially presented sets of items using analog numerical
representations. J. Exp. Psychol. Anim. Behav. Process. 33, 42–54.
2. Gordon, P. (2004). Numerical cognition without words: evidence from
Amazonia. Science 306, 496–499.
3. Hauser, M.D., and Spelke, E.S. (2004). Evolutionary and developmental
foundations of human knowledge: A case study of mathematics. In The
Cognitive Neurosciences III, M. Gazzaniga, Ed (Cambridge, MA: MIT
Press), pp. 853–864.
4. Nieder, A. (2005). Counting on neurons: The neurobiology of numerical
competence. Nat. Rev. Neurosci. 6, 177–190.
5. Nieder, A., Diester, I., and Tudusciuc, O. (2006). Temporal and spatial
enumeration processes in the primate parietal cortex. Science 313,
1431–1435.
6. Pica, P., Lemer, C., Izard, V., and Dehaene, S. (2004). Exact and approximate arithmetic in an Amazonian indigene group. Science 306, 499–
503.
7. Tomonaga, M., and Matsuzawa, T. (2002). Enumeration of briefly presented items by the chimpanzee (Pan troglodytes) and humans
(Homo sapiens). Anim. Learn. Behav. 30, 143–157.
8. Tudusciuc, O., and Nieder, A. (2007). Neuronal population coding of
continuous and discrete quantity in the primate posterior parietal cortex. Proc. Natl. Acad. Sci. USA 104, 14513–14518.
9. Gallistel, C.R. (1990). Organization of learning (Cambridge: MIT Press).
10. Harper, D.G.C. (1982). Competitive foraging in mallards:‘‘Ideal free’’
ducks. Anim. Behav. 30, 575–584.
11. Feigenson, L., Dehaene, S., and Spelke, E. (2004). Core systems of number. Trends Cogn. Sci. 8, 307–314.
12. Wynn, K. (1992). Addition and subtraction by human infants. Nature 358,
749–750.
13. Brannon, E.M., and Terrace, H.S. (1998). Ordering of the numerosities 1
to 9 by monkeys. Science 282, 746–749.
14. Cantlon, J.F., and Brannon, E.M. (2006). Shared system for ordering
small and large numbers in monkeys and humans. Psychol. Sci. 17,
401–406.
15. Hauser, M.D., Carey, S., and Hauser, L.B. (2000). Spontaneous number
representation in semi-free-ranging rhesus monkeys. Proc. Biol. Sci.
267, 829–833.

16. Nieder, A., Freedman, D.J., and Miller, E.K. (2002). Representation of the
quantity of visual items in the primate prefrontal cortex. Science 297,
1708–1711.
17. Dehaene, S., Molko, N., Cohen, L., and Wilson, A.J. (2004). Arithmetic
and the brain. Curr. Opin. Neurobiol. 14, 218–224.
18. Piazza, M., Izard, V., Pinel, P., Le Bihan, D., and Dehaene, S. (2004). Tuning curves for approximate numerosity in the human intraparietal sulcus. Neuron 44, 547–555.
19. Piazza, M., Pinel, P., Le Bihan, D., and Dehaene, S. (2007). A magnitude
code common to numerosities and number symbols in human intraparietal cortex. Neuron 53, 293–305.
20. Sawamura, H., Shima, K., and Tanji, J. (2002). Numerical representation
for action in the parietal cortex of the monkey. Nature 415, 918–922.
21. Nieder, A., and Merten, K. (2007). A labeled-line code for small and large
numerosities in the monkey prefrontal cortex. J. Neurosci. 27, 5986–
5993.
22. Nieder, A., and Miller, E.K. (2003). Coding of cognitive magnitude: compressed scaling of numerical information in the primate prefrontal cortex. Neuron 37, 149–157.
23. Nieder, A., and Miller, E.K. (2004). A parieto-frontal network for visual numerical information in the monkey. Proc. Natl. Acad. Sci. USA 101,
7457–7462.
24. Miller, E.K., and Cohen, J.D. (2001). An integrative theory of prefrontal
cortex function. Annu. Rev. Neurosci. 24, 167–202.
25. Diester, I., and Nieder, A. (2007). Semantic associations between signs
and numerical categories in the prefrontal cortex. PLoS Biol. 5, e294.
26. Woodruff, G., and Premack, D. (1981). Primative mathematical concepts
in the chimpanzee: proportionality and numerosity. Nature 293, 568–
570.
27. Mandler, G., and Shebo, B.J. (1982). Subitizing: an analysis of its component processes. J. Exp. Psychol. Gen. 111, 1–22.
28. McCrink, K., and Wynn, K. (2007). Ratio abstraction by 6-month-old infants. Psychol. Sci. 18, 740–745.
29. Singer-Freeman, K.E., and Goswami, U. (2001). Does half a pizza equal
half a box of chocolates? Proportional matching in an analogy task.
Cogn. Dev. 16, 811–829.
30. Mix, K.S., Levine, S.C., and Huttenlocher, J. (1999). Early fraction calculation ability. Dev. Psychol. 35, 164–174.
31. Sophian, C. (2000). Perceptions of proportionality in young children:
Matching spatial ratios. Cognition 75, 145–170.
32. Cantlon, J.F., and Brannon, E.M. (2007). Basic math in monkeys and college students. PLoS Biol. 5, e328.
33. Nieder, A., and Miller, E.K. (2004). Analog numerical representations in
rhesus monkeys: evidence for parallel processing. J. Cogn. Neurosci.
16, 889–901.
34. Pinel, P., Piazza, M., Le Bihan, D., and Dehaene, S. (2004). Distributed
and overlapping cerebral representations of number, size, and luminance during comparative judgments. Neuron 41, 983–993.
35. Izard, V., Dehaene-Lambertz, G., and Dehaene, S. (2008). Distinct cerebral pathways for object identity and number in human infants. PLoS
Biol. 6, e11.
36. Tanji, J., and Hoshi, E. (2008). Role of the lateral prefrontal cortex in executive behavioral control. Physiol. Rev. 88, 37–57.
37. Yang, T., and Shadlen, M.N. (2007). Probabilistic reasoning by neurons.
Nature 447, 1075–1080.

